Abstract. We compute the effect of concordance surgery, a generalization of knot surgery defined using a self-concordance of a knot, on the Ozsváth-Szabó 4-manifold invariant. The formula involves the graded Lefschetz number of the concordance map on knot Floer homology. The proof uses the sutured Floer TQFT, and a version of sutured Floer homology perturbed by a 2-form.
Introduction
Let X be a smooth oriented 4-manifold with b + 2 (X) ≥ 2. Suppose that T ⊆ X is a smoothly embedded homologically essential torus with trivial self-intersection, and let K ⊆ S 3 be a knot. Fintushel and Stern [FS98] defined the knot surgery operation on X along K, resulting in the 4-manifold X K . This is obtained by gluing X \ N (T ) and S 1 × (S 3 \ N (K)) via an orientation reversing diffeomorphism of their boundaries that maps a meridian of T to a longitude of K. They showed that
where SW denotes the Seiberg-Witten invariant, ∆ K (t) is the symmetrized Alexander polynomial of K, and the variable t corresponds to the homology class induced by T in H 2 (X K ). When π 1 (X) = 1 and π 1 (X \ T ) = 1, then X and X K are homeomorphic by Freedman's theorem. Note that every symmetric integral Laurent polynomial p(x) satisfying p(1) = ±1 is the Alexander polynomial of a knot in S 3 . Consequently, if SW (X) = 0, then we obtain a different exotic smooth structure on X for every such Laurent polynomial.
Mark [Mar13, Theorem 3 .1] obtained a result analogous to equation (1) for the Ozsváth-Szabó 4-manifold invariant [OS06] , which is expected to coincide with the Seiberg-Witten invariant. For a closed 4-manifold X with b + 2 (X) ≥ 2, Ozsváth and Szabó define a mixed invariant of X, which is a map Φ X : Spin c (X) → F 2 .
We write Φ X,s for the value of Φ X on s. It is convenient to organize the mixed invariants of different Spin c structures into a single polynomial. Recall that Spin c (X) is an affine space over H 2 (X), so the difference of two Spin c structures is a well-defined cohomology class. If ω = (ω 1 , . . . , ω n ) is an n-tuple of closed 2-forms on X that induce a basis of H 2 (X; R), we can arrange the mixed invariants into the polynomial Φ X;ω := s∈Spin c (X) Φ X,s · t , where s 0 is some choice of base Spin c structure on X. If H 2 (X) is torsion-free, then Φ X;ω completely encodes the map s → Φ X,s .
Concordance surgery is a generalization of knot surgery due to Fintushel and Stern; see Akbulut [Akb02, Section 2]. Let K be a knot in the homology 3-sphere Y (note that Akbulut only considered the case Y = S 3 ). Given a self-concodrance C = (I × Y, A) from (Y, K) to itself, we can construct a 4-manifold X C , as follows. We glue the ends of A together to form a 2-torus T C embedded in S 1 × Y . After removing a neighborhood of T C , we get a 4-manifold W C with boundary equal to T 3 . We pick any orientation preserving diffeomorphism φ : ∂(X \ N (T )) → ∂N (T C ) that sends [∂D 2 × {p}] to [{0} × ℓ K ], where ℓ K is a longitude of K. We write X C for any manifold constructed as the union X C := (X \ N (T )) ∪ φ W C .
Fintushel and Stern asked in the late 90s whether a formula similar to equation (1) relates SW (X) and SW (X C ); see Akbulut [Akb02, Remark 2.2].
Our main result gives a formula relating the Ozsváth-Szabó 4-manifold invariants of X and X C in terms of the graded Lefschetz number of the concordance map We note that the concordance map F C on knot Floer homology depends on some extra decorations that we are suppressing from the notation. Nonetheless, we will see that the graded Lefschetz number is independent of these decorations. If [T ] = 0 ∈ H 2 (X; R), then we can pick a collection of closed 2-forms ω = (ω 1 , . . . , ω n ) that induce a basis for H 2 (X; R), such that (2)
T ω 1 = 1 and
We can now state our main result:
Theorem 1.1. Let X be a closed 4-manifold such that b + 2 (X) ≥ 2. Suppose that T is a smoothly embedded 2-torus in X with trivial self-intersection, such that [T ] = 0 ∈ H 2 (X; R). Furthermore, let ω = (ω 1 , . . . , ω n ) be a collection of closed 2-forms satisfying equation (2). If C is a self-concordance of (Y, K), where Y is a homology 3-sphere, then
If C is the product concordance (I × Y, I × K), then F C is the identity of HFK (Y, K), so Lef t (C) is the graded Euler characteristic of HFK (Y, K), which is ∆ K (t). Hence, as a special case, we recover the formula of Mark [Mar13, Theorem 3.1]; i.e., the Heegaard Floer version of the Fintushel-Stern knot surgery formula.
When π 1 (X) = π 1 (X \ T ) = 1 and Y = S 3 , the manifold X C is homeomorphic to X. Hence, concordance surgery yields an exotic copy of X whenever Φ X = 0 and Lef t (C) = 1. However, Lef t (C) is always symmetric and satisfies Lef t (C)(1) = ±1, so it is unclear whether we obtain any smooth structures not arising from knot surgery.
We note that the proofs of the knot surgery formula (1) due to Fintushel and Stern for the SeibergWitten invariant, and to Mark for the Ozsváth-Szabó invariant, are based on the skein relation for the Alexander polynomial, and hence are only well-suited to knots in S 3 . Our Theorem 1.1 could be used to construct exotic smooth structures on 4-manifolds with non-trivial fundamental group. If Φ X = 0, and K and K ′ are knots in a homology 3-sphere Y such that X K and X K ′ are homeomorphic and ∆ K (t) = ∆ K ′ (t), then X K and X K ′ are non-diffeomorphic 4-manifolds with fundamental group π 1 (Y ).
Our proof uses a version of sutured Floer homology perturbed by a 2-form, extending a construction of Ozsváth and Szabó [OS04a, Section 3.1], and our computation of the trace and cotrace sutured manifold cobordism maps [JZ18, Theorem 1.1]. 
Perturbing SFH by a 2-form
Ozsváth and Szabó [OS04a, Section 3.1] defined a version of Heegaard Floer homology for closed 3-manifolds perturbed by a second cohomology class, which we now extend to sutured manifolds. Let Λ denote the Novikov ring over F 2 in a single variable t. Its elements are formal sums x∈R n x t x , where n x ∈ F 2 , and the set { x ∈ (−∞, c] : n x = 0 } is finite for every c ∈ R. Note that Λ is a field.
Suppose that (M, γ) is a balanced sutured manifold, and ω is a closed 2-form on M . Then ω induces an action of
, then the action of a on Λ is given by a · t x = t x+ a ω for x ∈ R. We denote by Λ ω the ring Λ viewed as a module over
we pick an admissible sutured diagram (Σ, α, β) for (M, γ), as well as a collection of compressing disks D α,β := D α ∪ D β for the α and β curves in the sutured compression bodies U α and U β , respectively, each identified with the unit disk in C. For a class φ ∈ π 2 (x, y), the domain D(φ) is a 2-chain in Σ. As in [OS04a, Section 3.1], we extend D(φ) to a 2-chain D(φ) inside M by coning off the α-boundary edges of D(φ) using the compressing disks D α , and coning off the β-boundary edges of D(φ) using the compressing disks D β . This yields a well-defined 2-chain D(φ), which, in general, will not be closed. We define
When the choice of ω is clear from the context, we just write A(φ). Note that there is a map H : π 2 (x, x) → H 2 (M ), obtained by coning off the periodic domain D(φ) for φ ∈ π 2 (x, x); see [Juh06, Definition 3.9]. In particular,
We define CF (Σ, α, β, D α,β ; Λ ω ) to be the free Λ-module generated by T α ∩ T β . The differential ∂ on CF (Σ, α, β, D; Λ ω ) is given by the formula
The fact that ∂ 2 = 0 follows from a standard argument by analyzing the ends of 1-dimensional moduli spaces M(φ). We then set
As in the unperturbed case, this is graded by relative Spin c structures on (M, γ):
and we write
. Suppose that (Σ, α, β, γ) is an admissible sutured triple diagram, and let
be the associated sutured manifold cobordism from (M α,β , γ α,β ) ⊔ (M β,γ , γ β,γ ) to (M α,γ , γ α,γ ), as in [JZ18, Section 7] , where M i,j = U i ∪ −U j for i, j ∈ {α, β, γ}, and U i is the sutured compression body obtained from Σ × I by attaching 3-dimensional 2-handles along
, where ∆ is a regular triangle in C with edges labeled e α , e β , and e γ , clockwise. Let x ∈ T α ∩ T β , y ∈ T β ∩ T γ , and z ∈ T α ∩ T γ . Furthermore, let ψ ∈ π 2 (x, y, z) be a homotopy class, u a topological Whitney triangle representing ψ, and ω a closed 2-form on W α,β,γ . Analogously to [OS04a, Section 3.1] and [GW10, Proposition 3.7], the Whitney triangle u determines a 2-chain D(u) in W α,β,γ : Choose sets of compressing disks D α , D β , and D γ with centers C α , C β , and C γ in each of the sutured compression bodies U α , U β , and U γ , respectively. For every x ∈ ∆, we let D(u) ∩ ({x} × Σ) = {x} × u(x). For every i ∈ {α, β, γ} and x ∈ e i , we connect the points in {x} × u(x) to the centers {x}
where the multi-trajectory γ x is obtained by radially connecting the points of x with C α ∪ C β in M α,β , and similarly γ y is a multi-trajectory in M β,γ , and γ z is a multi-trajectory in M α,γ . We write
This is independent of the representative u of ψ since ω is a cocycle, and, given another representative
, and ω α,γ = ω| Mα,γ . We define the triangle map
by the formula
It is straightforward to see that F α,β,γ;ω is a chain map. The associativity relations are easily seen to be satisfied for these triangle maps. The triangle map splits over relative Spin c structures :
where Spin c (W α,β,γ ) was defined in [Juh16, p. 18] , and is an affine space over H 2 (W α,β,γ , Z α,β,γ ). We now address the naturality of the invariants SFH (Σ, α, β, D; Λ ω ). 
well-defined up to chain homotopy and multiplication by an element t x for x ∈ R. The maps Φ (H,ω)→(H ′ ,ω ′ ),s form a transitive system up to chain homotopy and multiplication by an element t x for x ∈ R. If ω = ω ′ = 0, then the transition maps can be defined with no ambiguity.
Proof. Let us first consider the case when
. We now describe the map Φ = Φ (H,ω)→(H,ω ′ ),s . Let x 0 , . . . , x n be an enumeration of the intersection points representing s. For each i ∈ {0, . . . , n}, pick a homology class
It is straightforward to see that this is a chain isomorphism. It is independent of the choice of φ 0 , . . . , φ n , since H dη = 0 for any 2-cycle H. If we replace x 0 with x j , then the resulting map gets multiplied by t
dη . Furthermore, the map Φ is canonical, since it only depends on dη = ω ′ − ω. If ω, ω ′ , and ω ′′ are homologous closed 2-forms, then
We now address invariance of CF (H, D, s; Λ ω ) under ambient isotopies of H and D in (M, γ).
, then we note that the complexes CF (H, D, s; Λ ω ) and CF (φ(H), φ(D), s; Λ φ * ω ) are canonically chain isomorphic. Since ω and φ * ω are homologous, combining with the first step shows that CF (H, D, s; Λ ω ) and CF (φ(H), φ(D), s; Λ ω ) are chain isomorphic. Since the choice of D is unique up to ambient isotopy, this shows invariance under D. We henceforth write CF (H, s; Λ ω ).
The proof of stabilization invariance is essentially the same as in the unperturbed case, with the following modifications. Suppose that ω = ω ′ . For simplicity, we can assume that stabilizations occur near
, where the connected sum is taken near ∂Σ, and α and β intersect in a single point c. If x, y ∈ T α ∩ T β and φ ∈ π 2 (x, y) is a homology class, then we write φ ′ ∈ π 2 (x × c, y × c) for its stabilization. The 2-chains D(φ) and D(φ ′ ) differ by a boundary, and hence A(φ) = A(φ ′ ). It follows that the map x → x × {c} is a chain isomorphism; we let this be
Now suppose that H = (Σ, α, β) and H ′ = (Σ, α ′ , β) are Heegaard diagrams for (M, γ) with the same Heegaard surface, and
be the unique Spin c structure that is represented by a vertical vector field on the product part, and such that if S is the belt sphere of a 4-dimensional 1-handle attached along one of the framed 0-spheres, then c 1 (
be the sutured manifold cobordism from (M α,α , γ α,α ) to ∅, obtained from the sutured monodiagram (Σ, α). If we glue this to the sutured manifold cobordism
where ζ is an I-invariant contact structure such that {x} × ∂M is convex with dividing set {x} × γ for every x ∈ I. Hence, there is a unique relative Spin c structure t ∈ Spin c (W α ′ ,α,β ) such that
is generated by the spherical classes [S] . As S bounds a ball in W α and d(π * ω) = 0, we have S π * ω = 0 by Stokes' theorem. We set η := π * ω| W α ′ ,α,β . Similarly, the Spin c structure
. By a slight abuse of notation, we also denote by
where the first map is a → a ⊗ 1, and the second map -well-defined up to multiplication by t x for some x ∈ R -is Φ (Σ,α ′ ,α,0)→(Σ,α ′ ,α,ω α ′ ,α ) , constructed in the first paragraph, using the fact that [ω α ′ ,α ] = 0. Then, for x ∈ T α ∩ T β such that s(x) = s, we set
As θ α ′ ,α is only well-defined up to multiplication by t x , so is
In general, given (H, ω) and (H ′ , ω ′ ), and collections of compressing disks D and D ′ , we can connect them by a sequence of the above moves. We define Φ (H,ω)→(H ′ ,ω ′ ),s by composing the corresponding chain homotopy equivalences. The resulting map is independent of the choice of moves as in [JT12, Section 9].
When ω = ω ′ = 0, we recover unperturbed sutured Floer homology with coefficients in Λ, and hence the canonical isomorphisms are well-defined up to chain homotopy by [JT12] .
Remark 2.2. Note that we only obtain naturality, up to a factor of t x for x ∈ R, once we fix a Spin c structure, and not for the whole group SFH (M, γ; Λ ω ). When ω = 0, we recover the untwisted version, in which case SFH (M, γ; Λ 0 ) is natural without any ambiguity.
Remark 2.3. If ω = (ω 1 , . . . , ω n ) is an n-tuple of closed 2-forms on M , then the n-variable Novikov ring Λ n over F 2 in the variables t 1 , . . . , t n obtains the structure of an
Perturbed sutured cobordism maps
In this section, we describe a perturbed version of the sutured manifold cobordism maps due to the first author [Juh16] .
, and ω is a closed 2-form on W , then let ω i = ω| Mi for i ∈ {0, 1}. We will define a chain map
up to an ambiguity described in Proposition 3.1. The construction is an adaptation of the coning construction sketched by Ozsváth and Szabó [OS04a] .
3.1. Construction of the perturbed cobordism maps. The twisted cobordism maps are defined similarly to the maps from [Juh16] . We construct them by defining perturbed versions of the 4-dimensional handle attachment maps, as well as a perturbed version of the Honda-Kazez-Matić contact gluing map [HKM08] .
We first describe a perturbed version of the Honda-Kazez-Matić contact gluing map. If (M, γ) is a sutured submanifold of (M ′ , γ ′ ), and ω and ω ′ are closed 2-forms on M and M ′ , respectively, such that ω = ω ′ | M , then we can define a gluing map
using the same formula as for the untwisted map. The key observation is that if we write
where c is the canonical intersection point, then all disks counted by ∂(x × c) have homology class of the form φ × e c , where φ ∈ π 2 (x, y) is a homology class, and e c is the constant class at c. However, A ω ′ (φ × e c ) = A ω (φ), so Φ ξ is a chain map on the perturbed complexes. We now describe the 4-dimensional handle attachment maps. Consider first 1-handle and 3-handle maps. Let S 0 ⊆ M denote a framed 0-sphere. Note that M (S 0 ) is obtained by removing two balls from M , and gluing together the resulting boundary spheres. This leaves a distinguished 2-sphere S in M (S 0 ). If ω is a closed 2-form on M , then -up to addition of a coboundary -there is a unique closed 2-form ω ′ on M (S 0 ) such that ω ′ | S = 0, and which restricts to ω on M (S 0 ) \ N (S) ≈ M \ S 0 . In this case, we can define the 1-handle map
The standard proof that this map is a chain map carries over; though, we have to check that the evaluation of ω and ω ′ on the domains are compatible. This is ensured since ω ′ | M(S0)\S = ω| M\S0 and ω ′ | S = 0. The 3-handle maps can be similarly defined. Finally, to describe the 2-handle maps, suppose that S is a framed link in (M, γ), and ω is a 2-form and t is a Spin c structure on W (S), the trace of the surgery along S. We pick an admissible Heegaard triple (Σ, α, β, β ′ ) subordinate to a bouquet for S. The triple determines a 4-manifold W α,β,β ′ , which embeds into W (S) by [Juh16, Proposition 6.6]. Furthermore, t restricts to the torsion Spin c structure s 0 on (M β,β ′ , γ β,β ′ ), and ω β,β ′ = ω| M β,β ′ is null-cohomologous. Let θ β,β ′ ∈ CF (Σ, β, β ′ , s 0 ; Λ ω ) be the image of a representative of the top-graded generator Θ β,β ′ of SFH (Σ, β, β ′ , s 0 ) under the composition
where the first map is x → x ⊗ 1 and the second chain map is given by Proposition 2.1 and the fact that [ω β,β ′ ] = 0, and is well-defined up to multiplication by t x for x ∈ R. The perturbed 2-handle map is then defined by counting holomorphic triangles via the formula
is an arbitrary sutured cobordism, then, after possibly removing some 3-balls along Z, the map F W,ω is defined as a composition of the above maps. Viewing
let us write π s : SFH (M, γ; Λ ω ) → SFH (M, γ; Λ ω , s) for projection and i s : SFH (M, γ, s; Λ ω ) → SFH (M, γ; Λ ω ) for the direct summand map. We have the following:
is a sutured manifold cobordism, ω is a closed 2-form on W , and s ∈ Spin c (M, γ) and
is well-defined up to an overall factor of t x , for x ∈ R. If ω restricts trivially to M and M ′ , then the total map F W;ω is also well-defined up to an overall factor of t x .
Proof. The groups SFH (M, γ, s; Λ ω|M ) and SFH (M ′ , γ ′ , s ′ ; Λ ω| M ′ ) are both well-defined up to multiplication by t x for some x ∈ R by Proposition 2.1. There is no ambiguity for the contact gluing map and for the 1-and 3-handle maps. The 2-handle maps are only well-defined up to a factor of t x , since so is θ β,β ′ .
We now state the following version of the composition law, which follows from an argument similar to [Juh16, Theorem 11.3], using the associativity of the perturbed triangle maps:
. Let ω be a closed 2-form on W , and write ω 1 = ω| W1 and ω 2 = ω| W2 . Then there are representatives of F W;ω and F Wi;ωi such that
Relative Spin
c structures and twisted coefficients. If (Σ, α, β, γ) is a sutured triple diagram, Grigsby and Wehrli [GW10] defined a map
The following property of the map s will be useful:
Proposition 3.3. Let (Σ, α, β, γ) be an admissible sutured triple diagram, and let ω ∈ Ω 2 (W α,β,γ ) be a closed 2-form that restricts trivially to M α,β , M β,γ , and M α,γ . Then ω represents a class
Suppose that we are given generators x, x ′ ∈ T α ∩ T β , y, y ′ ∈ T β ∩ T γ , and z, z ′ ∈ T α ∩ T γ , and homotopy classes ψ ∈ π 2 (x, y, z) and
is induced by the embedding Z → R, and [W, ∂W ] is the relative fundamental class of W in H 2 (W, ∂W ; R).
Proof. Let u and u ′ be topological Whitney triangles representing ψ and ψ ′ , respectively. By definition, the left-hand side is
On the other hand, by [GW10, Proposition 3.7], the relative Spin c structure s(ψ) is obtained by extending a canonical 2-plane field on W α,β,γ \ N ( D(u)) to the complement of finitely many balls in W α,β,γ , and choosing an almost complex structure for which the extended 2-plane field consists of complex lines. The Spin c structure s(ψ ′ ) is constructed similarly. As the 2-plane fields for s(ψ) and s(ψ ′ ) agree in the complement of
we must have n = 1. Hence, by Poincaré-Lefschetz duality,
and the result follows.
Recall that a sutured manifold cobordism W = (W, Z, [ξ]) from (M 0 , γ 0 ) to (M 1 , γ 1 ) is special if Z ≈ −I × ∂M 0 , and ξ is an I-invariant contact structure such that {x} × ∂M 0 is convex for every x ∈ I with dividing set {x}×γ 0 for every x ∈ I (in particular, γ 0 = γ 1 ). Let J ′ be an almost complex structure on T W | Z such that ξ consists of complex lines. Then, according to [Juh16, Remark 3 .8], we have Spin
Furthermore, let ω be a closed 2-from on W whose restrictions to M 0 and M 1 vanish, and let s 0 ∈ Spin c (W, J ′ ) be an arbitrary Spin c structure. Then
up to an overall factor of t x for some x ∈ R.
Background on the Ozsváth-Szabó mixed invariants
We review some background on Heegaard Floer homology, due to Ozsváth 
The modules are functorial with respect to cobordisms. There is also an If ω is a closed 2-form on Y , then an H 1 (Y )-module HF • (Y, s; Λ ω ) can be defined, using the same coning off procedure we described in Section 2. Similarly, if ω = (ω 1 , . . . , ω n ) is an n-tuple of closed forms, we can define the H 1 (Y )-module HF • (Y, s; Λ ω ), which is also a Λ n [U ]-module. Ozsváth and Szabó [OS04a] defined perturbed versions of their cobordism maps (and more generally, fully twisted versions in [OS06] ). Let ω be a closed 2-form on the cobordism W from Y 0 to Y 1 , and write ω i = ω| Yi for i ∈ {0, 1}. Then there is a map
well-defined up to multiplication by t x for x ∈ R. When [ω] vanishes on ∂W , the map F • W,s;ω agrees with the unperturbed map F • W,s up to an overall factor of t x . We can normalize the perturbed maps by picking a base Spin c structure s 0 ∈ Spin c (W ), and defining
With this convention, we have that
and similarly on HF . For a closed 4-manifold X with b + 2 (X) ≥ 2, Ozsváth and Szabó define a mixed invariant of X, which is a map
We write Φ X,s for the value of Φ X on s.
The map Φ X is defined by picking a codimension one submanifold N ⊆ X that cuts X into two pieces, W 1 and W 2 , such that b + 2 (W i ) > 0, and such that the restriction map
is an injection. Such a cut is called admissible. The invariant Φ X,s is defined as the coefficient of the bottom-graded generator of HF + (S 3 ) in the expression
where 1 denotes top-graded generator of
, and we view W 1 as a cobordism from S 3 to N , and W 2 as a cobordism from N to S 3 . Ozsváth and Szabó prove that this is independent of the admissible cut N .
More generally, if W :
defined by picking an admissible cut N of W , and factoring through HF red (N, s| N ) using the inverse of the boundary map δ. For our purposes, it is convenient to organize the mixed invariants of different Spin c structures into a single polynomial. If ω = (ω 1 , . . . , ω n ) is an n-tuple of closed 2-forms that induce a basis of H 2 (X; R), we can arrange the mixed invariants into the polynomial
where s 0 is some choice of base Spin c structure. If H 2 (X) is torsion-free, then Φ X;ω completely encodes the map s → Φ X,s .
Fintushel-Stern knot surgery and concordance surgery
Fintushel and Stern [FS98] described a knot surgery operation on a 4-manifold X. Given a knot K in S 3 and an embedded torus T in X with zero self-intersection, we define the 4-manifold
with boundary T 3 . A neighborhood of T can be identified with T × D 2 . We pick any orientation preserving diffeomorphism φ :
, where ℓ K is the curve on ∂N (K) induced by a Seifert surface for K, while p ∈ T and q ∈ S 1 . We let
be the result of knot surgery on X using K and T . Note that there is some ambiguity in the choice of φ, so we write X K for any 4-manifold constructed in this way. It is straightforward to see that H * (X K ) and H * (X) are canonically isomorphic. Fintushel and Stern described a generalization of this operation called concordance surgery; see Akbulut [Akb02] . Let K be a knot in a homology 3-sphere Y (note that Akbulut only considered Y = S 3 ). Given a self-concodrance C = (I ×Y, A) from (Y, K) to itself, we can construct a 4-manifold X C , as follows. We take the annulus A, and glue its ends together to form a 2-torus T C embedded in S 1 × Y . After removing a neighborhood of T C , we get a 4-manifold W C with boundary equal to T 3 . We pick any orientation preserving diffeomorphism φ :
We write X C for any manifold constructed as the union
It is easy to see that H * (X C ) and H * (X) are canonically isomorphic. If C = (I × Y, A) is a self-concordance of the knot K in Y , and a is an arc on A connecting the two components of ∂A, then there is an induced map on knot Floer homology . Note that the group HFK (Y, K) only becomes natural once we choose a decoration P of K, which we suppress in our notation, and we require ∂a to be disjoint from P . We define Lef t (C) to be the polynomial
for any arc a connecting the two boundary components of C. Although the map F C,a depends on the arc a, we have the following:
Lemma 5.1. The graded Lefschetz number of F C,a is independent of the arc a.
Proof. Up to isotopy, any two arcs a and a ′ differ by a sequence of Dehn twist along one of the boundary components of the annulus A. The action of a Dehn twist on HFK (Y, K) was computed by Sarkar [Sar15] when Y = S 3 , and by the second author [Zem16, Theorem B] for a null-homologous knot in a general 3-manifold Y . Hence, if a ′ differs from a by a single Dehn twist along one of the ends of the annulus, then If X is a closed, oriented 4-manifold with a smoothly embedded 2-torus T such that [T ] = 0 ∈ H 2 (X; R), then we can pick a collection of closed 2-forms ω = (ω 1 , . . . , ω n ) that induce a basis for H 2 (X; R) such that (4)
We restate our main theorem.
Theorem 1.1. Let X be a closed 4-manifold such that b + 2 (X) ≥ 2. Suppose that T is a smoothly embedded 2-torus in X with trivial self-intersection, such that [T ] = 0 ∈ H 2 (X; R). Furthermore, let ω = (ω 1 , . . . , ω n ) be a collection of closed 2-forms satisfying equation (4). If C is a self-concordance of (Y, K), where Y is a homology 3-sphere, then
In order to prove Theorem 1.1, we need to perform several computations. Let C be a selfconcordance of a knot K in the homology 3-sphere Y . On the torus T C ⊆ S 1 × Y , we pick a pair of dividing curves, each intersecting {1} × K exactly once. The dividing set specifies an isotopically unique S 1 -invariant contact structure ξ C on −∂N (T C ). Note that this contact structure is positive with respect to the boundary orientation from W C .
Proposition 5.2. Let ω C be a closed 2-form on the 4-manifold W C Poincaré dual to {1} × S K , where S K is a Seifert surface for the knot K. If we view W C as cobordisms from T 3 to ∅, then
as an element of HF (∅) ⊗ F2 Λ, up to an overall factor of t x for x ∈ R.
Proof. We consider the sutured manifold cobordism
) from the empty sutured manifold to itself. By construction, the perturbed sutured cobordism map F WC ;ωC satisfies
Let us write S 3 (K) for the sutured manifold obtained by adding two meridional sutures to S 3 \N (K). We decompose W C as W 4 • W 3 • W 2 • W 1 , where
The 2-form ω C restricts trivially to W 1 , W 2 , and W 4 . Its restriction ω 3 to W 3 is Poincaré dual to the Seifert surface S K ⊆ Y (K).
By [JZ18, Theorem 1.1], we know that W 1 and W 4 induce the canonical cotrace and trace maps, respectively. By Corollary 3.4, and since Spin
as W 3 is a product cobordism, we have
for some choice of base Spin c structure s 0 on Y (K). By definition, up to an overall factor of t x , this is simply
The special case of the unknot U and the trivial concordance (I × S 3 , I × U ) is important. In this case, the dividing set on the torus S 1 × U ⊆ S 1 × S 3 determines the contact structure ξ 0 on −∂N (S 1 × U ). Consider the 4-manifold 
Note that a choice of dividing sets of S 1 × U and T C in S 1 × Y induces a diffeomorphism between S 1 × U and T C that maps {1} × U to {1} × K, well-defined up to isotopy. We can extend this diffeomorphism to a D 2 -bundle map from (
We will write T 3 for the boundaries of of both N (S 1 × U ) and N (T C ), identified via the restriction of such a diffeomorphism. Furthermore, the contact structures ξ 0 and ξ C are identified by this diffeomorphism, and hence we will write ξ for both. Similarly, the restrictions of ω 0 and ω C to T 3 are identified, so we will write η ∈ Ω 2 (T 3 ) for both.
Corollary 5.4. For k ∈ Z, let t k be the Spin c structure on 
